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Term
® observable

usually represented by a matrix

/ \ Eigenvalues of this matrix
ai; d12 Qg3 Measure Eigenvalues tell us what possible values the
variable can take
Gz ap | W | A A, A5 )
21 U22 dpz3 1,742 .73 when we measure it in an
Ka31 azo a33/ experiment

‘ hamiltonian “ Energ¥ Hamiltonian tells us

what possible values of the energy

most important observables in physics associated to the ENERGY
can measure in that system

Eigenvalues =) Energy Levels
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e warm-up #1

Show that the output state of the following circuit always obey the global Z2 symmetry:
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® warm-up #2

Implement the above circuit using PennyLane and find the ground state of the following

Hamiltonian using variational optimization:

H==) ZiZi
L

% 1 N N
|GHZ)y = ﬁ“O) +|1)7]

or ‘cat state’ 7/

n-qubit cat state [&,,) = —L (0™ +]175)

2

E, < E, < E,

“ ground state ”

lowest eigenvalue that is
physical systems have a lowest
possible energy which is known
as the ‘ground energy’

Watts, A. B., Kothari, R., Schaeffer, L., & Tal, A. (2019, June). Exponential separation between shallow quantum circuits and unbounded fan-in shallow classical circuits. In Proceedings of the 51st Annual ACM SIGACT Symposium on Theory of Computing (pp. 515-526).



@ warm-up #2

minimize H
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warm-up #2

i/ 2)

7
(pi / 2) I RZZ (pi / 2) I RZZ

RX

(pi / 2) (pi / 2)
RzZZ RzZ RzZZ RzZ
I (pi / 2) i/ 2) I (pi / 2) (pi/ 2) H _> E
(pi / 2) (pi / 2)

Rzz

RZZ
I o I o J A J
(i ] 2) i/ 2) minimize




@ warm-up #3 (bonus)

< Proof by Contradiction >

Let's prove that 'GHZ cannot be made to constant depth”

If it is possible to input and output at finite size,

Assume that : : : : )
It is meaningless because it uses the entire Unitary

only finite input, output, unitary are available
Y P P y that sends initial state to GHZ state

arbitrary finite input and output of Unitary

— can implement by connecting 2 input, 2 output Unitary to constant depth

(by Quantum Computation and Quantum Information)

So let's consider using only gates below N qubits and 2 qubits



@ warm-up #3 (bonus)

Using CNOT gate well, it is easy to prepare at logN depth

( increase the size by 2 times like the bottom )

depth 1
— B EP—
n n | |
2n | 2"GHZ | . L omtigyy
| i T
] : ~ Easy at logN depth
-6 |
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Is it possible to make more efficient ( constant depth )?



@ warm-up #3 (bonus)

entanglement is interaction

— 2 qubit gate

U

BUT
3 qubit .-« 1layer 1 CNOT

4 qubit --- 1layer 2CNOT

= circuit depth is large as required entanglement

= cannot create an n-GHZ gate with constant depth



@ problem #1

Find single and two-qubit gates with the global U(1) symmetry.

1q?

et? 0 . a X I
0 et jal? =1

N
Q(0) = exp [iGZ:Zi

- -621'9 0 0 0
2 qubit 8 (1) (1) 8 —> 2 qubit (cont.)
0 0 0 g2




@ problem #1

< 2 qubit (cont.)>

N —eZiQ 0 0 0
0) = ex iQZZ- _ o 1 0 O U0 = U & U0 = OU
Q(6) p[ xd N=2-0(0) o o 1 0 Q'UQ Q=0
i=1 :
0 0 0 e—2l9
a b g' a 0 0 d u-t =yt [a d] [f g]
ecv=|¢ 1 9 v=|0 F 99 m pl |j k
Loj ok 0 j k O _ .
m n o p. m 0 0 p It can be confirmed that this is

equivalent to the condition that each is ‘Unitary"



@ problem #1
SWAP, R,  CZ

0011) > cos£10011) + sin2 |0011)

¢

Double Excitation 5
|1100) — cosE |1100) — sin5|0011)

1 0 0 07
: : : 0 cos— — sinz 0
Single Excitation U(p) = 5 ;
0 sinm- cos= O
2 2
0 0 1-




@ problem #2

Consider the second quantized molecular Hamiltonian for N2 in the sto-3g basis. Obtain its qubit basis Hamiltonian
(as the sum of Pauli strings) using OpenFermion and PennyLane. Show that the resulting Hamiltonian has the U(1)
symmetry.

) additional explanation

hamiltonian = Energy

Find the best electron placement to minimize energy

4

second quantized

orbital n < qubit 2n @

expression of electron placement as quantum state
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@ problem #2

XRZ(¢) — Rz(_¢)X ®
YRZ (¢) — RZ(_¢)Y # read file Hamiltonian20.txt

ZR,(¢) = R,(¢)Z

.read()
split( )
# extract the elements in [ ]
= [1.split( )[1].split( )[0] for 1 in ]
sum = [(1.count( ) + i.count( )) %2==0 for in ]
if all(sum):

print( )

The number of X and Y must be even

(or sum of the number of X and Y must be even)



@ problem #3

Find the ground state of the Hamiltonian by optimizing parameterized quantum circuits with the U(1)

symmetry.

second quantized

1 - electron O
How to place the electrons
O --- electron X : There is an empty orbital, which orbital choose?
Electron cannot occupied more than one orbital. The number of electrons must be preserved

One orbital has or does not have an electron.

2
Ul symmetry

Set of operators that preserve the number of '1' in qubit

The number of qubits is naturally preserved. The search space is greatly reduced in Hilbert space.
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@ problem #3

e Double Excitation ~ Single Excitation ~

- Fk

minimize

ansatz = qml. AllSingleDoubles



main/N2_16 U(1).joynb <[>

@ problem #3

Find the ground state of the Hamiltonian by optimizing parameterized quantum circuits with the U(1)
symmetry.

EHF e N2 molecule VQE with U(1) symmetry Fidelity-epoch graph

|1111111111111100)

ground state

N LN
combination of these N
three is lower than

1
I
>
(@)
—
()
c
Ll

Amplitude of state |1111111111111100 >
= 0.9628454299159072

Amplitude of state |1111111111001111 >
= 0.03337755511475772

Amplitude of state |1111110011111111 >
= 0.00250472260884314

20 30 40 50 30 40 50
Optimization step Optimization step




@& open question

1) Can you do this for the SU(2) symmetry, i.e., find a two-qubit gate W such that] for all U € SU(2)?

(U®2)'wu® =w

UtU =1 (imply |detU| = 1)
SU(2)

2 X2 l
detU =1



@& open question

@’ —af —af
o-[e - o I L
af 18> lal
82 @p @B

(e wu®2=w = wy®2 = yS2y

WIw =1

unitary condition




@& open question WU = UW

System of linear equations

SUQ2) = {[a __'8] la, B € C, |a|2 + |'8|2 — 1|} (1,1):aa? + (b + c)af + dB? = aa? — (e + Daf + mfB?
’B « ~b+c=0, e+i=0, d=m=20

(4,4):—(n+0)af +pa’ =(h+Dap +pa’> ~nm+o=o0

- (1,2): ~aaf + blal? + bII? = ba® — faf — jaf + nlBP
,2):—aaf + bla|” + =ba®—faf —jaf +n
W = e f 2 f — B2 32 b — 1 —
I j k b=ba*+np*-b=n=0
m n o p 2,1):ea? + (f + g)af + hB? = aaB + 3
~f+9=a, h =0, e=0, frg=f+j=a
a2 —aBf —aBf  B? 22):flal - gIBI* = flal® = jIBI* - g =]
) 3,3): —g|B|* + k|a|?> = —g|B|* + k|a|?
U®2_ C(,B |CZ|2 _|IB|2 —CZ,B (3,3): —glB] || glBl ||

= — (B4):—(g+kap=p(—ap) ~p=g+k

5> = _ _2 (41):pp? =ap* >a=p
-:8 alg alB a ~f+g=a, gt+tk=a f=k




@& open question

—aff  —af  B? [ —aff  —aff
le?|  —18%| —ap lal>  —IBI?
—18*l  la?l  —apB =11 lal?
af ap a‘ | ! ap ap

—af  —af  B*] (@’ —af  —af  B*
la?]  —|B*| —apB lal>  —IBI*> —ap

—1B* la?| —ap af —IBI*> lal* —ap
ap ap a’ | g% ap ap az 1L

~lal=1,  |fI*+191*°=1, f+g=a  fg+fg=0




@& open question

: _ y) 2 _ _ r; _
~lal =1, Iflc+lgl =1, f+g=a  fg+fg=0
i SWAP and I are include in SWAP%
0 0 1 0 1 0 0 o
— i imta _ plnta
SWAP = 01 0 0 i 1+e 1—e
0 0 0 1. ] SWAPY® = 2 2
: _ 1 —eim@ 1 4 gina
: _ i 2 2 L
1 0 0 0 ; 0 0 0 14
[0 1 0 0 :
0 01 0 ;
0 0 0 1l | a=0 - 1

~
7

a=1 - SWAP




@& open question

0 0 0 0 0L 0
0 cos— isin= 0 _ ) 0 e—i¢/4 0
IsingXY($) = 22 P51 4,
0 isin ) cos ) 0 €
| Lo 0 0

¢ ’ ’
0 e i®/4 sinE e iP/4 cos 0
O 0 0 ei¢/4_

“lal=1,  IfIP+lg9l*=1  f+g=a fg+fg=0

=) e_i¢/4 (cos% + isin%) = e'i¢/4 ei¢/2 = ei¢/4




@& open question

2) Can we also find three-qubit gates with this property?

three-qubit states?

=» Found three!

assume there are more, but can't categorize them

3 input SWAP - 3 input SWAP® - IsingXY (— %) IsingZZ(¢)
L]k
2 set of [ij k) 3 qubit SU(2) 3 qubit SU(3)
2 input SWAP %

(2e3)= (1o 2) | I i ] ) symmetry symmetry



. OPen ClueStiOl‘l qubit has direction

S - - Energy in the direction of rotation
Optlmlz"‘g Hamiltonian should be as low as possible
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main/Heisenberg 2D _SU(2)i.pynb £ / >

@& open question

3) Devise a problem with the SU(2) symmetry and solve it using those gates.

= 1029 ] Gm2(0mp= D @ 0.72 >
we choose:--

2D Heisenberg Model

i<j
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=112 = © 4= 0.64 -» U1 4= 0.44 -»
@179 W= 5 4=142 = O =4=148

12 @ 0.61 = 13 == 1.26 == 14 == 1.36 »= 15
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® opeéen queStion Exploit SU(2) symmetry!

— T

Why singlet? P > singlet B
' : B singlet B
] All pair of All pair of —
— X H X— | _ SWAP® SWAP® =
l singlet gate gate
D — L

16C 2 16 (2

< singlet state >

singlet
the total spin of the Heisenberg model m

ground state is zero

< our SU(2) symmetry ansatz >
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main/Heisenberg 2D_U(1).joynb <[>

. o p e n q u e Sti O n main/Heisenberg 2D general.ijpynb < / >

4 x 4 grid Higenberg Model Variational Energy Fidelity - epoch graph
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