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usually represented by a matrix

hamiltonian

observable

Measure Eigenvalues𝑎!! 𝑎!" 𝑎!#

𝑎"! 𝑎"" 𝑎"#

𝑎#! 𝑎#" 𝑎##

𝜆! 𝜆" 𝜆#, ,

Eigenvalues of this matrix
tell us what possible values the 
variable can take
when we measure it in an 
experiment

most important observables in physics associated to the ENERGY

Energy

Eigenvalues Energy Levels

Hamiltonian tells us
what possible values of the energy
can measure in that system

Term



Show that the output state of the following circuit always obey the global Z2 symmetry: 

warm-up #1

|𝜓(𝜃, 𝜙)⟩ = ∏$%!
& [∏'%!

( 𝑒)'*!*!"#+$!∏'%!
( 𝑒)',!-$!] |𝜓.⟩

𝑒!"#!#!"#$

𝑒!"%$
𝑅𝑍𝑍(2𝜃)

𝑅𝑋(2𝜃)

Warmup/code.ipynb



Implement the above circuit using PennyLane and find the ground state of the following
Hamiltonian using variational optimization:

warm-up #2

𝐻 = −/
'

𝑍'𝑍'/!

|𝐺𝐻𝑍⟩( =
1
2
[|0⟩( + |1⟩(]

or ‘cat state’ ?!

Watts, A. B., Kothari, R., Schaeffer, L., & Tal, A. (2019, June). Exponential separation between shallow quantum circuits and unbounded fan-in shallow classical circuits. In Proceedings of the 51st Annual ACM SIGACT Symposium on Theory of Computing (pp. 515-526).

𝐸. ≤ 𝐸! ≤ 𝐸"

“ ground state ”
lowest eigenvalue that is
physical systems have a lowest
possible energy which is known
as the ‘ground energy’



warm-up #2

𝑯 = −3
𝒊

𝒁𝒊𝒁𝒊"𝟏

|𝑮𝑯𝒁⟩𝑵 =
𝟏
𝟐
[|𝟎⟩𝑵 + |𝟏⟩𝑵]

𝑍 = 1 0
0 −1

|0⟩

|1⟩

1 0
0 −1

1
0 = 1 × 1

0

1 0
0 −1

0
1 = −1 × 0

1

1

−1

eigenvalue

→

→

eigenvector

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐻
⟹ 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒3

%

𝑍%𝑍%"&

→

+1 × +1
−1 × −1

0 |0⟩

−|1⟩ −|1⟩

3
%

𝑍%𝑍%"&→ 𝑍&𝑍' 𝑍'𝑍( …
0 |0⟩

1 |1⟩

0 |0⟩

1 |1⟩

|0………0⟩
|1………1⟩

𝑎 0………0 + 𝑏|1………1⟩

𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ′𝑎 + 𝑏′
− ( 𝑎 + 𝑏 )

|𝑎|' + |𝑏|' = 1

𝑎 =
1
2

𝑏 =
1
2

→



warm-up #2

𝐻 𝐸
𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒

Warmup/code.ipynb



warm-up #3 (bonus)

Let's prove that "GHZ	cannot	be	made	to	constant	depth"

Assume that
only finite input, output, unitary are available

arbitrary finite input and output of 𝑈𝑛𝑖𝑡𝑎𝑟𝑦
→ can implement by connecting 2 input, 2 output 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 to constant depth

So let's consider using only gates below 𝑁 𝑞𝑢𝑏𝑖𝑡𝑠 and 2 𝑞𝑢𝑏𝑖𝑡𝑠

If it is possible to input and output at finite size,
It is meaningless because it uses the entire 𝑈𝑛𝑖𝑡𝑎𝑟𝑦
that sends 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑠𝑡𝑎𝑡𝑒 to 𝐺𝐻𝑍 state

(by Quantum Computation and Quantum Information)

< Proof by Contradiction >



warm-up #3 (bonus)

Using 𝐶𝑁𝑂𝑇 gate well, it is easy to prepare at 𝑙𝑜𝑔𝑁 depth
( increase the size by 2 times like the bottom )

Is it possible to make more efficient ( constant depth )?

2M𝐺𝐻𝑍2M

2M

→ 2M/!𝐺𝐻𝑍

𝑑𝑒𝑝𝑡ℎ 1

∴ Easy at 𝑙𝑜𝑔𝑁 depth



warm-up #3 (bonus)

BUT

3 𝑞𝑢𝑏𝑖𝑡

𝑒𝑛𝑡𝑎𝑛𝑔𝑙𝑒𝑚𝑒𝑛𝑡 is interaction
→ 2 𝑞𝑢𝑏𝑖𝑡 𝑔𝑎𝑡𝑒

1 𝑙𝑎𝑦𝑒𝑟 1 𝐶𝑁𝑂𝑇

4 𝑞𝑢𝑏𝑖𝑡 1 𝑙𝑎𝑦𝑒𝑟 2 𝐶𝑁𝑂𝑇

…

…

⟹ circuit depth is large as required entanglement
⟹ cannot create an n-GHZ gate with constant depth



Find single and two-qubit gates with the global U(1) symmetry.

problem #1

1 qubit 
𝑒'+ 0
0 𝑒)'+

𝑒"'+ 0
0
0
0

1
0
0

0 0
0
1
0

0
0

𝑒)"'+

𝑄(𝜃) = 𝑒𝑥𝑝 𝑖𝜃3
%)&

*

𝑍%

2 qubit 

𝑎 × 𝐼
|𝑎|! = 1

2 qubit (cont.)



problem #1

𝑄(𝜃) = 𝑒𝑥𝑝 𝑖𝜃3
%)&

*

𝑍% 𝑁 = 2 → 𝑄 𝜃 =
𝑒'%+ 0
0
0
0

1
0
0

0 0
0
1
0

0
0

𝑒,'%+
𝑄-𝑈𝑄 = 𝑈 ⟺ 𝑈𝑄 = 𝑄𝑈

𝑙𝑒𝑡 𝑈 =
𝑎 𝑏
𝑒
𝑖
𝑚

𝑓
𝑗
𝑛

𝑐 𝑑
𝑔
𝑘
𝑜

ℎ
𝑙
𝑝

𝑈 =

𝑎 0
0
0
𝑚

𝑓
𝑗
0

0 𝑑
𝑔
𝑘
0

0
0
𝑝

𝑈,& = 𝑈- 𝑎 𝑑
𝑚 𝑝

𝑓 𝑔
𝑗 𝑘

It can be confirmed that this is
equivalent to the condition that each is ‘Unitary'

< 2 qubit (cont.)>



problem #1

𝑆𝑊𝐴𝑃, 𝑅* , 𝐶𝑍

𝐷𝑜𝑢𝑏𝑙𝑒 𝐸𝑥𝑐𝑖𝑡𝑎𝑡𝑖𝑜𝑛

𝑆𝑖𝑛𝑔𝑙𝑒 𝐸𝑥𝑐𝑖𝑡𝑎𝑡𝑖𝑜𝑛

⟩|0011 → cos "
!
| ⟩0011 + sin"

!
⟩|0011

⟩|1100 → cos
𝜙
2 | ⟩1100 − sin

𝜙
2

⟩|0011

𝑈 𝜙 =

1 0 0 0

0 cos
𝜙
2

− sin
𝜙
2

0

0 sin
𝜙
2 cos

𝜙
2 0

0 0 0 1



Consider the second quantized molecular Hamiltonian for N2 in the sto-3g basis. Obtain its qubit basis Hamiltonian 
(as the sum of Pauli strings) using OpenFermion and PennyLane. Show that the resulting Hamiltonian has the U(1) 
symmetry. 

problem #2

hamiltonian Energy
Find the best electron placement to minimize energy

second quantized
𝑜𝑟𝑏𝑖𝑡𝑎𝑙 𝑛 ↔ 𝑞𝑢𝑏𝑖𝑡 2𝑛

expression of electron placement as quantum state

+) additional explanation

H

H

−

−

H

−

−

H H→



problem #2

𝑋𝑅b 𝜙 = 𝑅b −𝜙 𝑋
𝑌𝑅b 𝜙 = 𝑅b −𝜙 𝑌
𝑍𝑅b 𝜙 = 𝑅b 𝜙 𝑍

The number of 𝑋 and 𝑌 must be even
(or sum of the number of 𝑋 and 𝑌 must be even)

main/checkU(1)symm.py



Find the ground state of the Hamiltonian by optimizing parameterized quantum circuits with the U(1) 
symmetry.

problem #3

second quantized
1
0

electron O

electron X
Electron cannot occupied more than one orbital.
One orbital has or does not have an electron.

…

…
How to place the electrons

: There is an empty orbital, which orbital choose?

The number of electrons must be preserved

U1 symmetry
Set of operators that preserve the number of '1' in qubit

The number of qubits is naturally preserved. The search space is greatly reduced in Hilbert space.



problem #3

𝐻𝐹 𝐻

𝑎𝑛𝑠𝑎𝑡𝑧 = 𝑞𝑚𝑙. 𝐴𝑙𝑙𝑆𝑖𝑛𝑔𝑙𝑒𝐷𝑜𝑢𝑏𝑙𝑒𝑠

𝐸
𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒

𝑆𝑖𝑛𝑔𝑙𝑒 𝐸𝑥𝑐𝑖𝑡𝑎𝑡𝑖𝑜𝑛𝐷𝑜𝑢𝑏𝑙𝑒 𝐸𝑥𝑐𝑖𝑡𝑎𝑡𝑖𝑜𝑛

main/N2_16_U(1).ipynb



Find the ground state of the Hamiltonian by optimizing parameterized quantum circuits with the U(1) 
symmetry.

problem #3

|1111111111111100⟩

𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑠𝑡𝑎𝑡𝑒 |1111111111111100 >
= 0.9628454299159072
𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑠𝑡𝑎𝑡𝑒 |1111111111001111 >
= 0.03337755511475772
𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑠𝑡𝑎𝑡𝑒 |1111110011111111 >
= 0.00250472260884314
……

ground state
combination of these 

three is lower than

𝐸#$

main/N2_16_U(1).ipynb

Fidelity-epoch graph



open question
1) Can you do this for the SU(2) symmetry, i.e., find a two-qubit gate W such that] for all U ∈ SU(2)? 

𝑆𝑈(2)

𝑈⨂' -𝑊𝑈⊗ = 𝑊

𝑈!𝑈 = 𝐼

2 x 2

det𝑈 = 1

(𝑖𝑚𝑝𝑙𝑦 | det 𝑈| = 1)



open question

𝑈⊗' =

𝛼' −𝛼𝛽 −𝛼𝛽 𝛽'

𝛼𝛽 |𝛼|' −|𝛽|' −𝛼𝛽
𝛼𝛽 −|𝛽|' |𝑎|' −𝛼𝛽
𝛽' 𝛼𝛽 𝛼𝛽 𝛼'

⟶𝑈 = 𝛼 −𝛽̅
𝛽 l𝛼

𝑈⨂'
-
𝑊𝑈⊗' = 𝑊 𝑊𝑈⊗' = 𝑈⨂'𝑊

𝑊m𝑊 = 𝐼
unitary condition



open question

𝑈⊗' =

𝛼' −𝛼𝛽 −𝛼𝛽 𝛽'

𝛼𝛽 |𝛼|' −|𝛽|' −𝛼𝛽
𝛼𝛽 −|𝛽|' |𝑎|' −𝛼𝛽
𝛽' 𝛼𝛽 𝛼𝛽 𝛼'

𝑆𝑈 2 = 𝛼 −𝛽̅
𝛽 l𝛼 𝛼, 𝛽 ∈ ℂ, 𝛼 ' + 𝛽 ' = 1

𝑊 =

𝑎 𝑏 𝑐 𝑑
𝑒 𝑓 𝑔 ℎ
𝑖 𝑗 𝑘 𝑙
𝑚 𝑛 𝑜 𝑝

System of linear equations
𝑊𝑈 = 𝑈𝑊

1, 1 : 𝑎𝛼! + 𝑏 + 𝑐 𝛼𝛽 + 𝑑𝛽! = 𝑎𝛼! − 𝑒 + 𝑖 𝛼𝛽̅ + 𝑚𝛽̅!

∴ 𝒃 + 𝒄 = 𝟎, 𝒆 + 𝒊 = 𝟎, 𝒅 = 𝒎 = 𝟎

4, 4 : − 𝑛 + 𝑜 𝛼𝛽 + 𝑝 N𝛼! = ℎ + 𝑙 N𝛼𝛽 + 𝑝 N𝛼! ∴ 𝒏 + 𝒐 = 𝒐

1, 2 : −𝑎𝛼𝛽̅ + 𝑏 𝛼 ! + 𝑏 𝛽 ! = 𝑏𝛼! − 𝑓𝛼𝛽̅ − 𝑗𝛼𝛽̅ + n 𝛽 !

𝑏 = 𝑏𝛼! + 𝑛𝛽̅! ∴ 𝒃 = 𝒏 = 𝟎

2,1 : 𝑒𝛼! + 𝑓 + 𝑔 𝛼𝛽 + ℎ𝛽! = 𝑎𝛼𝛽 + 3

∴ 𝒇 + 𝒈 = 𝒂, 𝒉 = 𝟎, 𝒆 = 𝟎, 𝒇 + 𝒈 = 𝒇 + 𝒋 = 𝒂

2,2 : 𝑓|𝛼|! − 𝑔 𝛽 ! = 𝑓 𝑎 ! − 𝑗 𝛽 ! ∴ 𝒈 = 𝒋

3,3 : −𝑔|𝛽|! + 𝑘|𝛼|! = −𝑔|𝛽|! + 𝑘|𝛼|!

3,4 : − 𝑔 + 𝑘 𝛼𝛽 = 𝑝(−𝛼𝛽) ∴ 𝒑 = 𝒈 + 𝒌

4,1 : 𝑝𝛽! = 𝑎𝛽! → 𝑎 = 𝑝

∴ 𝒇 + 𝒈 = 𝒂, 𝒈 + 𝒌 = 𝒂, 𝒇 = 𝒌



open question

𝑎 𝑏 −𝑏 0
𝑒 𝑓 𝑔 ℎ
−𝑒 𝑗 𝑘 −ℎ
0 𝑛 −𝑛 𝑝

𝛼! −𝛼𝛽̅ −𝛼𝛽̅ 𝛽̅!

𝛼𝛽 𝛼! − 𝛽! −𝛼𝛽
𝛼𝛽 − 𝛽! 𝛼! −𝛼𝛽
𝛽! W𝛼 𝛽 W𝛼 𝛽 X𝛼!

𝛼! −𝛼𝛽̅ −𝛼𝛽̅ 𝛽̅!

𝛼𝛽 𝛼 ! − 𝛽 ! −𝛼𝛽
𝛼𝛽 − 𝛽 ! 𝛼 ! −𝛼𝛽
𝛽! X𝛼𝛽 X𝛼𝛽 X𝛼!

𝑎 𝑏 −𝑏 0
𝑒 𝑓 𝑔 ℎ
−𝑒 𝑗 𝑘 −ℎ
0 𝑛 −𝑛 𝑝

𝑎 0 0 0
0 𝑓 𝑔 0
0 𝑔 𝑓 0
0 0 0 𝑝

𝛼! −𝛼𝛽̅ −𝛼𝛽̅ 𝛽̅!

𝛼𝛽 𝛼! − 𝛽! −𝛼𝛽
𝛼𝛽 − 𝛽! 𝛼! −𝛼𝛽
𝛽! W𝛼 𝛽 W𝛼 𝛽 X𝛼!

𝛼! −𝛼𝛽̅ −𝛼𝛽̅ 𝛽̅!

𝛼𝛽 𝛼 ! − 𝛽 ! −𝛼𝛽
𝛼𝛽 − 𝛽 ! 𝛼 ! −𝛼𝛽
𝛽! X𝛼𝛽 X𝛼𝛽 X𝛼!

𝑎 0 0 0
0 𝑓 𝑔 0
0 𝑔 𝑓 0
0 0 0 𝑎

⇒we can express with only 3 variables(a, f, g)

vs

vs

𝑎 0 0 0
0 𝑓 𝑔 0
0 𝑔 𝑓 0
0 0 0 𝑎

𝑎 0 0 0
0 𝑓 𝑔 0
0 𝑔 𝑓 0
0 0 0 𝑎

∴ 𝒂 = 𝟏, |𝒇|𝟐 + |𝒈|𝟐 = 𝟏, 𝒇 + 𝒈 = 𝒂, 𝒇𝒈 + 𝒇𝒈 = 𝟎



open question

𝑆𝑊𝐴𝑃& =

1 0 0 0

0
1 + 𝑒'(&

2
1 − 𝑒'(&

2 0

0
1 − 𝑒'(&

2
1 + 𝑒'(&

2 0
0 0 0 1

𝐼 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

𝑆𝑊𝐴𝑃 =

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

𝑆𝑊𝐴𝑃 and 𝐼 are include in 𝑆𝑊𝐴𝑃d

𝑎 = 0 → 𝐼

𝑎 = 1 → 𝑆𝑊𝐴𝑃

∴ 𝒂 = 𝟏, |𝒇|𝟐 + |𝒈|𝟐 = 𝟏, 𝒇 + 𝒈 = 𝒂, 𝒇𝒈 + 𝒇𝒈 = 𝟎



open question

𝐼𝑠𝑖𝑛𝑔𝑋𝑌 𝜙 =

0 0 0 0

0 cos
𝜙
2 𝑖 sin

𝜙
2 0

0 𝑖 sin
𝜙
2 cos

𝜙
2 0

0 0 0 0

𝐼𝑠𝑖𝑛𝑔𝑋𝑌 −
𝜙
2
𝐼𝑠𝑖𝑛𝑔𝑍𝑍 𝜙 =

𝑒'"/* 0 0 0

0 𝑒+'"/* cos
𝜙
2 𝑖𝑒+'"/* sin

𝜙
2 0

0 𝑖𝑒+'"/* sin
𝜙
2 𝑒+'"/* cos

𝜙
2 0

0 0 0 𝑒'"/*

𝐼𝑠𝑖𝑛𝑔ZZ (−
𝜙
2 ) =

𝑒 ()*
+ 0 0 0

0 𝑒, ()*
+ 0 0

0 0 𝑒, ()*
+ 0

0 0 0 𝑒 ()*
+

𝒆+ ,𝒊𝝓
𝟒 𝒄𝒐𝒔

𝝓
𝟐 + 𝒊 𝒔𝒊𝒏

𝝓
𝟐 = 𝒆+ ,𝒊𝝓

𝟒 𝒆 ,𝒊𝝓
𝟐 = 𝒆 ,𝒊𝝓

𝟒

∴ 𝑎 = 1, |𝑓|! + |𝑔|! = 1, 𝑓 + 𝑔 = 𝑎, 𝑓𝑔 + 𝑓𝑔 = 0



open question

assume there are more, but can't categorize them

2) Can we also find three-qubit gates with this property?

three-qubit states?

Found three!

3 𝑖𝑛𝑝𝑢𝑡 𝑆𝑊𝐴𝑃

𝑘 𝑖 𝑗

𝑖 𝑗 𝑘2 𝑠𝑒𝑡 𝑜𝑓

2 𝑖𝑛𝑝𝑢𝑡 𝑆𝑊𝐴𝑃

(2 ↔ 3) → (1 ↔ 2)

→

3 qubit 𝑆𝑈 2

symmetry

3 𝑖𝑛𝑝𝑢𝑡 𝑆𝑊𝐴𝑃0 → 𝐼𝑠𝑖𝑛𝑔𝑋𝑌 −
𝜙
2
𝐼𝑠𝑖𝑛𝑔𝑍𝑍 𝜙

3 qubit 𝑆𝑈 3

symmetry



open question
Optimizing Hamiltonian

𝑁

𝑁

𝑆

𝑆

atom spin

|𝑎⟩

|𝑎⟩

qubit has direction
Energy in the direction of rotation 

should be as low as possible



open question
3) Devise a problem with the SU(2) symmetry and solve it using those gates. 

2D Heisenberg Model

𝐻 =/
'y$

𝐽'$ 𝑋'𝑋$ + 𝑌'𝑌$ + 𝑍'𝑍$

we choose…

main/Heisenberg_2D_SU(2)i.pynb



open question

singlet

singlet

singlet

singlet

All pair of

gate
𝑆𝑊𝐴𝑃&

All pair of

gate
𝑆𝑊𝐴𝑃&

the total spin of the Heisenberg model
ground state is zero

𝑋 𝑋𝐻

16𝐶2 16𝐶2

Exploit SU(2) symmetry!

< our SU(2) symmetry ansatz >

Why singlet?

< singlet state >

main/Heisenberg_2D_SU(2).ipynb



open question
main/Heisenberg_2D_SU(2).ipynb
main/Heisenberg_2D_U(1).ipynb

main/Heisenberg_2D_general.ipynb




